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DYNAMIC ANALYSIS OF A MULTI-LEGGED 
LUNAR LANDING VEHICLE TO DETERMINE 
STRUCTURAL LOADS DURING TOUCHDOWN 

SUMMARY 

This report presents a method of determining the structural loads of a 
multi-legged lunar landing vehicle during touchdown. 
is obtained as a fundamental aspect of the problem. The motion of the vehicle 
center of gravity is restricted to two dimensions, but the feet of the vehicle, 
while on the lunar surface, may move in any direction. 
to the body of the vehicle by deformable legs. 
tripod and a member from the tripod vertex to the foot. 

The stability of the vehicle 

The feet are connected 
These legs consist of an inverted 

The ability of the feet to move in any direction while on the lunar surface 
is a significant improvement over a strictly two-dimensional analysis. A more 
accurate evaluation of the loads in the struts can be made and, therefore, the 
actual dynamics of the vehicle are better defined. The capability of this procedure 
to analyze the touchdown dynamics of a vehicle with any number of legs is also 
a significant advancement over the two-dimensional analysis. 

SECTION I. INTRODUCTION 

A dynamic analysis of the touchdown of a lunar vehicle is important for 

The mathematical model 
two reasons: to determine dynamic loads and to determine stability (loads o r  
stability could cause a failure of the lunar mission). 
used in this analysis is sufficiently sophisticated to determine loads and stability 
within the accuracy of the parameters used, such as coefficient of friction, slope, 
and texture of the lunar surface. 



This mathematical model has the capability of analyzing any number of 
legs, each of which is made up of four members. 
inverted tripod, and the fourth member connects the vertex of the tripod to the 
footpad. 
this deformation being elastic or  plastic, or  both. 

Three of the members form an 

Each member of the tripod may deform in either tension o r  compression, 

The center of gravity of the vehicle is restricted to motion in a plane, but 
the motion of the footpads, while on the lunar surface, may be in any direction, 
subject only to the restraints imposed on them by the lunar surface. These re- 
straints, such as friction between lunar surface and footpads and slope of lunar 
surface, may assume any value. 

A s  more is learned about the lunar surface we may find that its bearing 
strength is much lower than is now believed. Should this be true, a leg type 
landing vehicle would not be feasible, and lunar landing vehicles would require 
more surface in contact with the lunar surface. 
figuration were used, it could be analyzed by the method presented herein by using 
a large number of legs to approximate continuous contact with the lunar surface. 

If a torus, or other similar con- 

SECTION 11. THEORETICAL DYNAMIC ANALYSIS 

A. METHOD OF ANALYSIS 

A closed-form solution of the dynamic equations of motion would 
require solving 3 + 2n, where n = number of legs, simultaneous nonlinear second- 
order differential equations. 
numerical method be used to obtain the solution. 

The complexity of these equations requires that a 

To reduce the equations to ordinary linear differential equations, the 
following assumption is made: all forces acting on the system are considered 
constant during short times of integration of the differential equations. 
this assumption, the equations are easily solved. 

Based on 

An outline of the steps necessary to develop the time history of the system 
The details of the compu- is best described by a simple block diagram (Fig. I) .  

tation for this method will now be developed. 

2 



compute forces in 
the system 
T i m e = T  + n A t  

0 

I 

compute initial 
conditions at n = ~  I I T i m e = T o  

‘r ’ 
Solve equations of 
motion to determine 
the initial conditions 
at Time = To + (n+l)At 

FIGURE I. SYSTEM TIME HISTORY, BLOCK DIAGRAM 

B. GEOMETRY OF DYNAMIC MODEL 

The complete geometry of the vehicle is described by the positions 
oi the several reference points on the model. 
gravity and five points on each of the legs. 

that Pii always re fers  to the center of gravity of the vehicle. 

These points are the center of 
The points Pi- are shown in Figure 2 

(i refers to the leg, and j re fers  to the specific point on t h at leg). Note here 

It was convenient to use two coordinate systems in this analysis (Fig. 3 ) .  
The equations of motion of the vehicle a re  written in te rms  of a coordinate system 
which is fixed to the lunar surface. 
using another coordinate system which is fixed to the vehicle. 

Position and force vectors are determined 
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FIGURE 2. VEHICLE GEOMETRY AND THE BODY-FIXED 
COORDINATE SYSTEM 
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r 2' 

FIGURE 3. BODY-FIXED AND SURFACE-FIXED 
C OORDINA TE SYSTEMS 

The lunar-fixed coordinate system is oriented so  the x-y plane lies on 
the lunar surface with the x-axis in the direction of maximum slope and the z- 
axis is normal to the lunar surface. The body-fixed coordinate system has its 
origin at the center of gravity of the vehicle and the z'-axis along the longitudinal 
axis of the vehicle. 
parallel to the y-axis. 
can be written as follows: 

The x'-z' plane lies in the x-z plane, and the y'-axis is 
The transformation from one coordinate system to another 

5 
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For specific points on the vehicle, equations I and 2 take the following 
form: 

P' = B (Pij - Pi,) i j  

1 A = [  0 1 0 
c o s  9 0 cos  ( " / 2 + .  9) 

c o s  (77 /2  -9) 0 c o s  9 

The geometry is now defined in two coordinate systems, and the means 
to transform from one system to the other is available. Equations 3 and 4 will 
be used frequently in the remainder of this report. 

C. INITIAL CONDITIONS 

The initial conditions consist of the initial positions of all points of 
interest and the initial velocity of the vehicle center of gravity and footpads. 
initial vehicle geometry, which is the position vectors, is computed first. The 
symmetry of the vehicle allows a minimum amount of input data to be used in 
these calculations. 

The 

6 



Four vehicle landing cases are considered, two for a vehicle with an even 
number of legs and two for  a vehicle with an odd number of legs. 
configuration for each of the four cases is shown in Figure 4. 

One possible 

Since all landing conditions are symmetric about the x'-axis, i t  is not 
necessary to compute the properties of all the legs. 
on the vehicle and E the number of legs that must be considered; i. e. , i will take 
values 'from I to E. The relationships between 5 and n are 

Let n be the number of legs 

Case I m = n / 2  

Case I1 G = n / 2  + 1 

- 
Cases I11 and IV m = (n + 1 ) / 2  

NOW, the angle between the XI-axis and the number one leg is defined. 

Cases I and IV ,43 = r / n  ( 8 )  

Cases I1 and I11 A3 = 0 (9) 

The positions of interest in the body-fixed coordinate system are computed 
using the input data shown in Figure 5. The equations are 

4, = a rc  sin ( a / R 2 )  ( 1  1)  

XI - - 
i i  

XIi2 = 

x' 
i 3  

X I .  = 

x' = 
i s  

14 

0 

I R ,  cos  A + ( i - l ) A ,  

R ,  C O S  

R, C O S  

( 3  

1 
I 

1 
J 

A3 + ( i - l ) A ,  t A ,  

n3 + ( i - l ) A ,  - A 2  

1  cos [ A ,  + ( i - l ) A l  



t Y' 

C a s e  I1 

Y' Y '  

i - 2  C a s e  111 C a s e  IV i=i  

FIGURE 4. VEHICLE CONFIGURATION AND ORIENTATION OF 
THE FOUR LANDING CASES 
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FIGURE 5. INITIAL VEHICLE CONFIGURATION 
GEOMETRY 
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R, C O S  A t ( i - 1 ) A  

0 

l 3  

[ 
I 1 

I 
1 1 

I 

-R ,  sin a3  t ( i - l ) A l ]  

-R, sin 1, + ( i - l ) l  t A 

- R ~  sin 

-R, sin A 3  t ( i - l ) A ,  

-R4 sin A 3  t ( i -1)  A , ]  

t ( i - l ) A l  - A , ]  

The values z ., j = I through 6 are  also input data, 
IJ 

and 
q = p + e  

where p is the slope of the landing surface and 0 is the angle between a vertical 
line and the longitudinal axis of the vehicle measured in the x-z plane. 

Af t e r  determining the position of all vehicle points in the body-fixed 
coordinate system, it is then necessary to define these points in the coordinate 
system fixed on the lunar surface. Initially, the point P- is set so x = z- = 0. m6 m6 m6 Using this condition the components of P. are found. 

11 
1 

x. 1 1  = - Zm, c o s  (h/2 -9 )  ] / cos+  

z .  1 1  = - [ Z I E 6  c o s +  - XI- m6 cos ( 'T /2  t + ) I  

(26) 

Y i l  = 0 (27) 

(28) 

The position vectors, in surface-fixed coordinates, of all the points of 
interest, can be computed next using equation 3. 
are computed as follows: 

The initial lengths and angles 

10 



where k = 5 and j = 2 ,  3, 4, 6. 

The initial velocity components of the center of gravity and the footpads 
are determined as follows: 

x i i  

z i i  

= ' ( V v  cos6- t  V,sinO) sin+ + ( - V v  sin8 + VH cos 8 )  cos+ (32) 

= -(vV case+ V H s i n f j )  cos++ ( -Vv sine + vdcos.8) sin+ (33) 
e 

x* 16 = X i l  t. ( Z i i  - Zi6) 0 (34) 

The remaining initial conditions are the parameters which describe the 
load stroke relationship of the deformable members. 

These initial parameters are: 

11 



D. FORCES DUE TO DEFORMATION 

During the time the vehicle is in contact with the lunar surface, 
These forces can be computed using the forces will develop in its structure. 

load-stroke characteris tics of the deformable members. 
assumed to be composed of a structural spring and a crushable material with no 
resilience. The structural spring is assumed to have l inear characteristics 
which are the same in tension and compression (Fig. 6 ) .  
is assumed to have a linear onset rate to a maximum value and then remain con- 
stant for any additional deformation. 
characteris tics in tension and compression (Fig. 7) .  

These members are 
' 

The crushable material 

The crushable material may exhibit different 

The load-stroke characteristics of the structural springs and the crushable 
material may be combined in ser ies ,  but it is important to realize that the combined 
load-stroke relationship changes as the member deforms. 
the load-stroke curve is shown in Figure 8. 

For  the general case,  

Combining the onset rate of the crushable material in series with the 
structural spring gives effective spring constants that a r e  computed as follows: 

The general equation of the load-stroke characteristics of each member 
can now be written with the aid of a unit step function.. 

F i j  5 = V  i j 5  [I-. (P i j 5  - Rij5 +Aij,,] + [AIij5 Ksij5 + (Rij5 - P i j5  - A '  i j 5  ) 

KCij5] [ U  ( P i j 5  - Rij5 t A . .  ) - U (P, - R t A ' . .  ) I  + 
IJ 5 i j 5  i j5  1J 

- 
- 4.. ) 

i j 5  115 
t vij5 U (P ij5 - R 

12 



F o r c e  

F I G U R E  6. S T R U C T U R A L  SPRINGS 

F o r c e  

- f  ' ij 5 L- 

" 

FIGURE 7. C R U S H A B L E  h4ATERIAL 
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Rijs  

FIGURE 8. GENERAL LOAD STROKE CURVE 



where U ( x )  is a unit step function, 

U ( x )  = 0 x <  0 

U(x)  = I x z  0 

Since the load-stroke relationship of a member is dependent on the history 
of the loads applied, it is necessary to compute the parameters which describe 
the shape of the load-stroke curve each time the member is loaded (i. e. , for a 
given I . .  the force Fij5 is computed. ). Then, Rij5, Aij5, Ajj5, Eij5, and Eij5 are 
changed so the load-stroke curve will be correct  when another force is computed. 
The changes in the load-stroke curve are given as follows: 

135 

If 

If 

Rsij5 = 1 ij5 t [ Vij5 ij5 - R ij5 t A . .  135 ) KCij5 1 /Ksij 5 
- 

A*. .  = A . .  - R . .  + R * . .  
1J 5 13 5 1J 5 1J 5 

- 
A*.. = A . .  

1J 5 1J 

15 
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- 
= I . .  + V.. /Kaij5 

R*ijs 1J 5 1J 5 

In equations 45 through 49, the values with an asterisk should be used in 
equation 44 to determine the force during the next time increment. 

A t  this stage in calculation, all necessary equations have been developed 
to compute forces in the deformable members. These forces are now resolved 
into components and added to produce the force vectors acting parallel to the 
s u r f  ace-f k e d  coordinates . 

This concludes the computation of the forces in the system. These forces 
will now be used in the equations of motion and must be determined for each in- 
tegration time increment. 

17 



E. EQUATIONS OF MOTION 

The equations of motion of the vehicle center of gravity and footpads 
will be used to determine its displacements, velocities, and accelerations during 
touchdown. These equations, for each vehicle configuration, are as follows: 

Case I 

- 
- 2 

X i l  = -m Fi6X tg sin 0 .. 
i= I 

Case I1 

(54) 

(55) 

( 5 7 )  t g sin p 

18 



Case 111 

Case IV 

The following equations a r e  solved by assuming that the forces are 
constant for short periods of time: 



In these equations, the asterisk indicates the value of the particular parameter 
during the previous time increment. 

The equations of motion of the footpads are handled in a somewhat dif- 
ferent manner than are the equations of the center of gravity. 
are of the lunar surface, they acted as par t  of a rigid body, and their motion is 
completely described by the motion of the center of gravity of the vehicle. 
the footpads are on the lunar surface, they act as a mass  with forces moving 
them. 
formable members of the vehicle as shown in Figure 9. 

When the footpads 

When 

These applied forces are the friction forces and the forces from the de- 

The equations of motion will now be developed for the case where the 
footpad is on the lunar surface. Summing the forces parallel to the x-axis we have 

and parallel to the y-axis 

.. -F - 
mp yi6 t Fisy - Fisy = 0 

The total friction force acts along the line of the velocity vector of the 
footpad and is described as 

-N . 
--F F i67, 

(7 3) 

20 



Z 

. ~ .  

- 
Fi6z 

FIGURE 9 .  FORCES ACTING ON EACH FOOTPAD 
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Now substituting equations 73 and 74 into the equations of motion, we ob- 
tain 

If the assumption is made that the forces and resultant velocities are con- 
stant for each time increment of integration, then the equations of motion are 
simple, linear differential equations with the solution 

d. -?tt 
.lr . 1. - Y i 6  - yi6.  t D (E t y i i )  ( 1  - e D ,  - E A t  

A t  

where 

22 



and the values with the asterisk are for the previous time point. 

Equations 77 through 80 describe the motion of the footpads if they are on 
the surface during the complete time increment. If they are off the surface during 
the complete time increment, the position vectors and velocities a r e  

P = P  + A P '  
i 6  il is 

where P! does not change since the leg is acting as part  of a rigid body, and 
16 

x = x. t ( Z i 1  - Zi6)+ 
i 6  11 

Y i 6  = 0 

Z r 6  = Z i l  - ( X i l  - X i 6  ) +  (84) 

There is also the case where the footpad is off the surface at the start of 
the time increment but was on the surface at the end of the time increment. 
case is handled by assuming that zi6 changes much more than x. or  yi6 during the 
time increment. 
and set z = 0. 

This 

1.s Based on this assumption, we compute Pi6 usmg equation 81 

i 6  

With the coordinates of the center of gravity of the vehicle and footpads 
being known, the position vectors of all other points on the vehicle can be computed. 
If the footpads do not touch the surface, these position vectors can be computed 
using equation 3 since all values of P!. a re  constant. While the footpads a r e  on 
the surface, the members deform, and a more involved method of computing the 
positions is used. 

1J 

This method is a follows: 

The only position vectors not known a r e  Pis and Pis is found by 

2 3  



These equations complete the positioning of all points of interest on the 
vehicle in both body-fixed and surface-fixed coordinate systems. 
the deformable members can now be computed by 

The length of 

j = 2 , 3 , 4  

This completes the computation necessary for each time increment. Now 
the complete time history is qbtained with the procedure shown in Figure I. 

SECTION ID. STABILITY CRITERIA 

Stability of the vehicle is determined by comparing the positions of the 
center of gravity of the vehicle and its footpads. 
points must be known to make these comparisons. 
puted as follows: 
24 

The horizontal position of these 
These positions can be com- 



- cos ptZ,i, cos ( n / 2  - p )  x16 
- XH 16 

- X - x- cos  p t  za6 cos (7r / 2  -p )  
H E 6  m6 

The conditions for instability are 

The stability of the vehicle is computed at each time increment, and when 
instability occurs, the time history is stopped. If instability does not occur, the 
time history is stopped after maximum loads develop and the motion of the vehicle 
has subsided to a point where stability is ensured. 

SECTION Iv. REMARKS ON COMPUTATION 

This method of analyzing the touchdown dynamics of a lunar vehicle re- 
quires the use of a large, high-speed computer. Because of the large number of 
computations, numerical problems may arise and require the use of double pre- 
cision in the computation. Any computer other than a high-speed machine would 
not be practical because of the large amount of machine time required for each 
landing study . 

The computer used for programing this analysis w a s  an IBM 7094. A 
double-precision Fortran program prepared by M r .  John Southan of the Computa- 
tion Laboratory, MSFC, was used to obtain the solution of this analysis. 
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